Introduction
A permutation of the numbers 1, 2, . . . n has at least two sequences, where a sequence or run is defined as the maximal interval of consecutive increasing or decreasing numbers. Let P (n, s) denote the number of permutations of n numbers with s runs. Its basic recurrence is [1] P (n, s) = sP (n − 1, s) + 2P (n − 1, s − 1) + (n − s)P (n − 1, s − 2) , (n ≥ 2) (1a)
P (2, s) = 2δ s,1 , .
Recently Canfield and Wilf [2] showed that the fixed-s generating function of P (n, s) has the form
where Φ s (x) is a polynomial of degree 1 + ⌈s(s + 2)/4⌉, i.e., one larger than the degree of the polynomial ∆ s (x) in the denominator. Furthermore they showed that P (n, s) can be written as
where each ψ i (n, s) is a polynomial in n of degree at most ⌊i/2⌋. These polynomials satisfy
so that (3) satisfies (1). In Section 2 we determine the polynomials ψ i (n, s) from (4) and an explicit formula for P (n, s) from (3). An auxiliary generating function is evaluated in Section 3. In Section 4 we obtain explicit expressions for the generating functions u s (x) and the polynomials Φ s (x).
We put φ i (n, t) def = ψ i (n, s − i). From (4) we find
which has the advantage that t is merely a parameter but not involved in the recurrence.
From (5) we find that the generating function f (x, n, t)
We seek a solution of the form f (x, n, t) = g(x, t)h(x, t) n . After inserting this into (6a) we first eliminate all terms proportional to n by choosing h(x, t) = (1 − x 2 ) 1/2 . This leads to a separable linear differential equation for g(x, t), which is solved by g(x, t)
In order to determine the coefficient of x i of (7) we use [3] (
We find
With the convention p −1 (n, t) = 0 we finally obtain
as well as
Since a j (n) is a polynomial in n of order j, so are p j (n, t), φ 2j (n, t), and φ 2j+1 (n, t). Thus ψ i (n, s) is a polynomial in n precisely of degree ⌊i/2⌋; it was already shown in Ref. [2] that this degree is at most ⌊i/2⌋. The first few ψ i (n, s) are given in Table 1 . Inserting (13) into (3) immediately yields an explicit formula for P (n, s),
which will be used again in Section 4.
Before turning to u s (x) we evaluate the auxiliary generating functions
The inner sum evaluates to
A k (z) is then obtained as
where A k (z) is a polynomial in z of degree 2k + 1. We evaluate its kth derivative at z = −1 and find
since the sum which appears inside the square brackets equals 4 k , as certified by the WZ [3] proof certificate R(k, m) = 4m(2m + 1)(2k − 2m + 1)(k + 1 − 2m) −1 (k + 1) −1 . Thus z = −1 is an at least (k + 1)-fold zero of A k (z), i.e., the polynomial A k (z) contains a factor (1 + z) k+1 . For the higher derivatives of A k (z) at z = −1 we find
The remaining sum (which vanishes for p = k) does not seem to allow further simplification.
Note that the polynomial Φ k (z) in the numerator of A k (z) has degree k + 2, one larger than the degree of the polynomial in the denominator.
For the generating functions u s (x) we employ (14) and The polynomial Φ s (x) indeed has degree 1 + ⌈s(s + 2)/4⌉, as proven already in [2] . The first few Φ s (x) are given in Table 2 .
